Ray propagator matrices contain the complete solutions to the system of dynamic ray-tracing (DRT) equations connected with a given reference ray. They play an important role in studying the properties of complete four-parameteric systems of paraxial rays and offer many applications in both numerical modelling and practical interpretational problems of seismic ray fields in the high-frequency asymptotic approximation.
or briefly the ray propagator matrix. Here we refer to it as the ray propagator matrix. The ray propagator matrix is very convenient in studying the complete (four-parameteric) system of paraxial rays connected with the reference ray under consideration.
The DRT system and relevant propagator matrices play a very important role in the paraxial ray methods, in which the kinematic quantities are studied in the so-called paraxial vicinity of the reference ray. We speak of paraxial rays, paraxial traveltimes and paraxial slowness vector. They can be used to compute the second-and higher-order spatial derivatives of traveltimes, to investigate chaotic rays and evaluate Lyapunov exponents, and to study the reciprocity relations along the ray. Finally, the ray propagator matrix is essential in various extensions of the ray method, such as the method of Gaussian beams and Gaussian packets, the Maslov-Chapman method, the Kirchhoff-Helmholtz method, ray perturbation theories, etc. For more details on paraxial ray methods seeČervený (2001, Chap. 4) and Moser &Červený (2007) , where other references are given. See also Section 8. For various approaches to kinematic and dynamic ray tracing in inhomogeneous anisotropic media we refer the reader toČervený (1972, 2001) , Hanyga (1982) , Gajewski & Pšenčík (1987 , 1990 , Norris (1987) , Shearer & Chapman (1989) , Farra (1989) , Kendall et al. (1992) , Klimeš (1994 Klimeš ( , 2006 , Farra & LeBégat (1995) , Bakker (1996) , Hanyga et al. (2001) , Gjøystdal et al. (2002) , Iversen (2004a) , Moser (2004) and Chapman (2004) , where many other references can be found. In several of these references, ray propagator matrices are also discussed.
The DRT system and ray propagator matrices are commonly expressed in the global Cartesian coordinate system, or in the raycentred coordinate system, connected to a suitable reference ray. For isotropic media, the ray-centred coordinate system was first introduced to seismology by Popov & Pšenčík (1978a,b) , see alsǒ Cervený et al. (1988) . For anisotropic media, see Klimeš (1994 Klimeš ( , 2006 . In global Cartesian coordinates, the ray propagator matrices are 6 × 6, whereas for ray-centred coordinates they are 6 × 6 or 4 × 4 -corresponding to systems of six or four differential equations, respectively. The propagators in both coordinate systems satisfy the important symplectic and chain properties. At intersections of the reference ray with structural interfaces, ray propagator matrices must be chained and the so-called interface propagator matrix must be included in the chain. The problem of the transformation of the DRT system across the structural interface has been solved by various approaches. For isotropic media, seeČervený et al. (1974) in Cartesian coordinates, Popov & Pšenčík (1978a ,b) andČervený & Hron (1980 in ray-centred coordinates. For anisotropic media, see Gajewski & Pšenčík (1990) and Farra & LeBégat (1995) in Cartesian coordinates. Farra & LeBégat (1995) showed that some previously derived transformation equations do not satisfy the symplecticity relation. In Cartesian coordinates, a suitable form of the interface propagator matrix satisfying symplecticity was proposed by Moser (2004) , and for some other coordinate systems byČervený (2001) (e.g. for the wave front orthonormal coordinate system). For raycentred coordinates and anisotropic media, however, the derivation of the interface propagator matrix has not yet been reported in the seismological literature.
Let us briefly discuss the advantages and disadvantages of ray propagator matrices in global Cartesian and ray-centred coordinate systems. The main advantage of 6 × 6 ray propagator matrices in Cartesian coordinates is that the DRT system has a general and simple structure, and that the interface transformation matrix is well known. However, from the six linearly independent solutions two are redundant: the so-called ray-tangent and non-eikonal solutions. These redundant solutions complicate the solution of various boundary-value problems of the general system of rays, which is strictly four-parameteric. Contrary to the 6 × 6 propagator matrix in Cartesian coordinates, the redundant solutions can be immediately removed from the 6 × 6 propagator matrix in ray-centred coordinates, and a reduction to 4 × 4 form is straightforward. For anisotropic media, however, the DRT system in ray-centred coordinates is more complicated than in Cartesian coordinates. Among these complications is the requirement to solve an additional differential equation along the ray to determine the basis vectors of the ray-centred coordinate system (see Klimeš 1994 Klimeš , 2006 Červený 2001) .
In this paper, we show that the 4 × 4 ray propagator matrix in ray-centred coordinates can be computed by DRT in Cartesian coordinates. DRT in ray-centred coordinates is not required at all. Moreover, the differential equations for the basis vectors of the raycentred coordinate system along the ray need not be solved. Two basic approaches are proposed. In the first approach, the ray propagator matrix in ray-centred coordinates is obtained by some transformation of the ray propagator matrix in Cartesian coordinates at the initial and endpoints of the ray. If needed, the ray propagator matrix in ray-centred coordinates can also be computed in the same way at any intermediate point of the ray. In the second approach, the ray propagator matrix in ray-centred coordinates is obtained from four solutions of the DRT system in Cartesian coordinates, with strictly specified initial conditions. Thus, only four solutions are needed in this approach, not six as in the previous case. Both approaches are invertible and can also be used to compute the 6 × 6 ray propagator matrix in Cartesian coordinates from the 6 × 6 (or 4 × 4) ray propagator matrix in ray-centred coordinates.
The proposed transformations between ray propagator matrices in Cartesian and ray-centred coordinate systems are also used to derive the 6 × 6 and 4 × 4 interface propagator matrices in raycentred coordinates from the known interface propagator matrices in Cartesian coordinates. The interface propagator matrices can be factorized and used to derive the 4 × 4 surface-to-surface paraxial matrices in ray-centred coordinates, which relate the paraxial ray quantities at different surfaces crossed by the reference ray. The surfaces may represent structural interfaces, the surface of the Earth, isochrone surfaces, or formal surfaces. Actually, the formal surfaces may be introduced at any point of the reference ray where needed. We require that the surfaces representing the structural interfaces do not intersect in the paraxial vicinity of the reference ray.
Briefly to the content of the paper. The kinematic and dynamic ray tracing and ray propagator matrices in Cartesian coordinates are reviewed in Section 2. Section 3 introduces the ray-centred coordinate system and its basis vectors (both contravariant and covariant), gives the DRT system in ray-centred coordinates and the expression for the ray propagator matrix in ray-centred coordinates. Section 4 specifies the general transformation relation between the ray propagator matrices corresponding to two coordinate systems, derived inČervený (2001, eq. 4.3.38) , to Cartesian and ray-centred coordinate systems. Basic relations (61) with (59) are derived. The transformations are fully invertible; they can be used in both directions. In Section 5, we discuss an alternative equation (64) for the ray propagator matrix in ray-centred coordinates, which requires the determination of only four solutions of the DRT equations in Cartesian coordinates. In Section 6, simple expressions for the 4 × 4 and 6 × 6 interface propagator matrices in ray-centred coordinates are derived. In Section 7, it is shown that both the 6 × 6 and 4 × 4 interface propagator matrices in ray-centred coordinates may be factorized and used to derive the surface-to-surface paraxial matrices in ray-centred coordinates. Finally, Section 8 offers some concluding remarks.
The notations in the paper are as follows: 3 × 3 and 6 × 6 matrices and 3 × 1 vectors are denoted by roman boldface symbols, 2 × 2 and 4 × 4 matrices and 2 × 1 vectors by italic boldface symbols. The symbol T in the superscript of a matrix means 'transpose', and the symbol -T in the superscript denotes 'inverse transpose'. The lowercase indices i, j, k, ... take the values 1, 2, 3, and the uppercase indices I , J , K , ... the values 1, 2. The Einstein summation convention is applied to repeated indices in the same product. 
where H is the Hamiltonian, x is the position vector, and p the slowness vector, p = ∂ T /∂x. We consider the Hamiltonians which are homogeneous functions of the second degree in p (with a possible additional constant). The kinematic ray-tracing equations then read dx/dτ = U = ∂H/∂p, dp/dτ
Here τ is a monotonically increasing sampling parameter along the ray, which represents the traveltime. The initial point of the ray corresponds to τ = τ 0 . Equations (2) also define the ray velocity vector U (also called the group velocity vector) and vector η, which will be broadly used in this paper. The DRT system is designed to compute two 3 × 1 matrices
3 ) T and
3 ) T along the ray,
where γ is an arbitrary ray parameter, or any of the initial values
Taking the partial derivative of (2) with respect to γ , we obtain the DRT system in Cartesian coordinates
Here
and D (x) are 3 × 3 matrices, given by relations
The solutions of the DRT equation must satisfy the constraint relation
which follows from (1). The superscript (x) in eqs (3)-(6), and in the following, indicates that the quantities are expressed in Cartesian coordinates. DRT system (4) consists of six linear ordinary differential equations of the first order for Q (x) i and P (x) i , and has six linearly independent solutions. Consequently, we can construct the 6 × 6 ray propagator matrix Π (x) (τ , τ 0 ), which is defined as the fundamental matrix of (4), subject to initial conditions Π (x) (τ 0 , τ 0 ) =I, where I is the 6 × 6 identity matrix. Propagator matrix Π (x) (τ , τ 0 ) has a number of useful properties. The most important of them is symplecticity:
where J is a 6 × 6 matrix given by the formula
Here 0 is a 3 × 3 zero matrix, and I the 3 × 3 identity matrix. The continuation property of Π (x) (τ , τ 0 ) reads
Eq. (9) can also be expressed in the form
where δx and δp are small perturbations of x and p around the reference ray. Eq (10) shows well the physical meaning of ray propagator matrix Π (x) (τ , τ 0 ) in Cartesian coordinates. The chain rule states that
for any τ 1 situated on the ray, and Liouville's theorem yields det(Π (x) (τ, τ 0 )) = 1 for any τ . Finally, the symplectic property yields a simple relation for the inverse of Π (x) (τ , τ 0 ),
where Π 11 , Π 12 , Π 21 and Π 22 are 3 × 3 submatrices of Π (x) (τ , τ 0 ). Note that the partial derivatives with respect to γ in Π (x) (τ , τ 0 ) are taken for a fixed traveltime T = τ . As the complete system of rays is four-parameteric, two solutions in Π (x) (τ , τ 0 ) are redundant. The expressions for these two solutions can be found explicitly. The first of them is the so-called ray-tangent solution:
and the latter is the non-eikonal solution,
For more details on DRT and ray propagator matrices in Cartesian coordinates in inhomogeneous anisotropic media and on the raytangent and non-eikonal solutions seeČervený (2001) and Chapman (2004) , where many other references are given. Chapman (2004, p. 152 ) also presents a physical explanation of the non-eikonal solution, given by R. Burridge.
The above theory would not be complete without considering structural interfaces in the model. Ray-tracing equations (2), DRT equations (4) and the expressions for the ray propagator matrix should be modified when the ray crosses a structural interface. Under 'crossing the interface' we understand not only transmission, but also reflection. We consider a structural interface , which separates two parts of the medium with different smooth distributions of the elastic moduli and density. We use the parameteric description of the interface, given by relation x = g(u 1 , u 2 ), where u I , I = 1, 2, are the Gaussian coordinates of the surface. As a special case of u 1 , u 2 , we can also consider local Cartesian coordinates in a plane tangent to interface at the reference ray . At any point of , the interface can be approximated to the second order in u I by the relation
Here g I = ∂g/∂u I are vectors tangent to at x = x 0 , and g IJ = ∂ 2 g/∂u I ∂u J are related to the curvature matrix of the interface at x = x 0 , I , J = 1, 2. See more details in Moser &Červený (2007) .
Let us consider a ray incident at interface at x 0 , and denote the relevant sampling parameter τ at the point of incidence τ . At τ , vectors p, U and η are known from kinematic ray tracing (2). Using Snell's law, we can compute these quantities also at the reflection/transmission point of the selected reflected/transmitted wave. We denote them with a tilde, namelyτ ,p,Ũ ,η. Although the points of incidence τ and of reflection/transmissionτ coincide, we shall consider them formally as two different points.
The matricesQ (x) ,P (x) at the reflection/transmission pointτ , and Q (x) , P (x) at the point of incidence τ are then related by the equation,
where
is the so-called interface propagator matrix in Cartesian coordinates. A particularly concise form of the 6 × 6 interface propagator matrix was given by Moser (2004) ,
where 3 × 3 matrices X andX are given by relations
and the 3 × 3 matrix R reads
The interface propagator matrix Π (x) (τ , τ ) is symplectic, satisfies the relation det Π (x) (τ , τ ) = 1 and preserves constraint relation (6) across the interface.
For the following sections, it will be useful to express the matrix inversions in (17) explicitly. We introduce 3 × 3 matrices
Here h 1 , h 2 , h 3 can be calculated from g 1 , g 2 , U by relations,
where n is a vector normal to at a point of incidence (not necessarily unit). Similarly, g 1 , g 2 , g 3 can be calculated from h 1 , h 2 , h 3 as follows:
Similar expressions are obtained also for the tilded vectors; we only need to take into account thatg 1 = g 1 ,g 2 = g 2 . The expression for the 6 × 6 interface propagator matrix Π (x) (τ , τ ) in Cartesian coordinates then reads
see (17) and (20). Note that vectors g 1 , g 2 , g 3 = U represent the contravariant basis vectors, and h 1 , h 2 , h 3 = n /U T n the covariant basis vectors in the local non-orthogonal coordinate system u 1 , u 2 , u 3 = τ at the point of incidence. At the point of reflection/transmission, the contravariant basis vectors areg 1 = g 1 ,g 2 = g 2 ,g 3 =Ũ , and covarianth 1 ,h 2 ,h 3 = n /Ũ T n . Basis vectors satisfy the relations
where I is the 3 × 3 identity matrix. Vectors g 1 and g 2 are tangent to surface , h 1 , h 2 andh 1 ,h 2 are perpendicular to the ray. Vectors g 1 and g 2 need not be unit and mutually perpendicular, and similarly h 1 and h 2 andh 1 andh 2 .
In a layered medium with structural interfaces, the ray propagator matrix can be chained and the interface propagator matrix should be included in the chain at any point of incidence. For example, if the ray crosses one interface at τ between τ 0 and τ , we obtain
For a more thorough treatment see Moser (2004) , where a general sampling parameter τ along the ray is used (not necessarily the traveltime). A terminological note. The term interface propagator matrix was used byČervený (2001) and Moser (2004) , to emphasize the fact that the matrix transforms the ray propagator matrix across the interface. Analogous term wave propagator for the interface was also used by Kennett (1983, p. 111) in the stress-displacement propagator formalism for 1-D layered media.
RAY-CE N T R E D C O O R D I N AT E S Y S T E M S
The ray-centred coordinate system q = (q 1 , q 2 , q 3 ) connected with the reference ray in an inhomogeneous anisotropic medium can be introduced in many alternative ways. For an up-to-date review of various possibilities see Klimeš (2006) . One of the simplest options is introduced by the relation, see Klimeš (1994 Klimeš ( , 2006 ):
i = 1, 2, 3, and M = 1, 2. The reference ray is specified by the relation x i (q 3 ) = x i0 (q 3 ) and represents the q 3 -coordinate line of the non-orthogonal ray-centred coordinate system, and q 3 = τ , the traveltime along the ray. Coordinates q 1 and q 2 uniquely specify the position of a point in the plane tangent to the wave front intersecting the reference ray for a fixed q 3 . For q 1 = q 2 = 0, the point is situated directly on the reference ray . We introduce the 3 × 3 transformation matrix H from Cartesian coordinates x i to ray-centred coordinates q m ,
i, m = 1, 2, 3. The contravariant basis vectors of the ray-centred coordinate system e 1 , e 2 , e 3 are given by the relations H = (e 1 , e 2 , e 3 = U ).
e 1 and e 2 are situated in the wave front tangent plane, e 3 coincides with the ray velocity vector U , tangent to the ray. Covariant basis vectors f 1 , f 2 , f 3 are given by the relation
f 1 and f 2 are perpendicular to the ray, f 3 equals slowness vector p.
Basis vectors e i and f i satisfy the relations,
where I is the 3 × 3 identity matrix. Vectors f 1 , f 2 , f 3 can be calculated from e 1 , e 2 , e 3 using relations
Similarly, vectors e 1 , e 2 , e 3 can be calculated from f 1 , f 2 , f 3 as follows:
, e 3 = U .
Similarly as in (3), we introduce two 3 × 1 matrices
where γ is an arbitrary ray parameter, and p (q) is the slowness vector expressed in ray-centred coordinates,
As
3 = 1 along the reference ray. The superscript (q) indicates that the quantities are expressed in ray-centred coordinates.
The DRT system for smooth anisotropic inhomogeneous media in ray-centred coordinates for the 3 × 1 matrices Q (q) and P (q) was derived by Klimeš (1994 Klimeš ( , 2006 , see alsoČervený (2001, section 4.2.4/3). It can be decoupled into two subsystems. The first subsystem for the 2 × 1 matrices
2 ) T and
T consists of four equations
, and D (q) are 2 × 2 matrices, calculated from the 3 × 3 matrices A (x) , B (x) , C (x) , and D (x) as follows:
and d is a 2 × 2 matrix given by the relation:
Here the 3 × 3 matrices A (x) , B (x) , C (x) and D (x) are given by (5), and η by (2). Finally, e and f are 3 × 2 matrices, e = (e 1 , e 2 ), f = (f 1 , f 2 ).
(38)
The second subsystem consists of two equations for Q (q) 3 and P
3 , and is extremely simple,
The analytic solution of (39) is
3 (τ 0 ). (40) It should be noted that the constraint relation, analogous to (6), is trivial in ray-centred coordinates,
and, therefore, Q
3 (τ ) is constant along the ray in any smooth part of the medium. The constraint relation (41) applies to the subsystem (39) only. There is no constraint imposed on the subsystem (35).
Note that the DRT subsystem (35) remains valid even when Q (q) and P (q) represent 2 × 2 matrices
where γ 1 and γ 2 are two ray parameters (corresponding to an orthonomic system of rays).
In isotropic inhomogeneous media, the arc length s along the reference ray has been traditionally used as the q 3 -coordinate in the ray-centred coordinate system q = (q 1 , q 2 , q 3 ); see Popov & Pšenčík (1978a,b) , Červený et al. (1988) . This choice does not influence the first subsystem (35) of the DRT system at all, but only its second subsystem (39). For more details, see Klimeš (2006) .
Note that the equations for the transformation of Q (q) and P (q) across a structural interface, analogous to (16), that is, the expressions for the interface propagator matrix Π (q) (τ , τ ) in ray-centred coordinates, have not yet been published. They are, however, derived here as a by-product of our treatment, see Section 6. Now we introduce the 6 × 6 ray propagator matrix Π (q) (τ , τ 0 ) in ray-centred coordinates, corresponding to the DRT system (35) (with 42) and (39). It has trivial entries in the third and sixth columns and rows. Using (39)- (41), we obtain
Here Q
1 and Q (q) 2 are 2 × 2 matrices corresponding to Q (q) in (42), and P (q) 1 and P (q) 2 are 2 × 2 matrices corresponding to P (q) in (42), 0 = (0, 0)
T . For a detailed derivation of (43) see the pioneering paper by Klimeš (1994) . Subscripts 1 and 2 of Q (q) and P (q) distinguish different initial conditions of Q 
As we can simply see from (43), the 4 × 4 ray propagator matrix Π (q) (τ, τ 0 ) in ray-centred coordinates q 1 , q 2 , corresponding to the DRT system (35) is given by the relation
The 4 × 4 ray propagator matrix Π (q) (τ, τ 0 ) (46) is obtained from the 6 × 6 ray propagator matrix (43) by simply crossing the third and sixth columns and rows. The partial derivatives with respect to γ 1 and γ 2 in the 2 × 2 submatrices of Π (q) (τ, τ 0 ) in (46) are taken for a fixed traveltime T = τ .
Analogously to (7)- (12), the 6 × 6 and 4 × 4 ray propagator matrices (43) and (46) in ray-centred coordinates satisfy the symplectic property, continuation property, chain property, etc. The continuation property for the 4 × 4 matrix (46) reads:
which can also be expressed in the following form:
Here the 2 × 1 vectors δq(τ ) ≡ (δq 1 (τ ), δq 2 (τ ))
T are small perturbations of q and p (q) around the reference ray , measured along the plane tangent to the wave front at . They can also be expressed in terms of 2 × 2 matrices Q (q) and P (q) as follows:
Here δγ ≡ (γ 1 − γ 10 , γ 2 − γ 20 ) T , and γ 10 , γ 20 are the ray parameters of the reference ray .
In the solution of DRT system (35), it is necessary to know the basis vectors e 1 , e 2 and f 1 , f 2 at any point of the reference ray , see (36). These basis vectors can be calculated by solving ordinary differential equations of the first order along . Actually, it is sufficient to calculate only one pair of basis vectors in this way, as the second pair can be obtained using (31) or (32). The relevant differential equations for e 1 , e 2 contain only first-order derivatives of Hamiltonian, but for f 1 , f 2 the second-order derivatives of Hamiltonian are needed. Consequently, it is simpler and more efficient to calculate e 1 , e 2 by numerical integration along the ray, not f 1 , f 2 . It is common to take the ordinary differential equation of the first order for e I , I = 1, 2, as follows:
where η = −∂H/∂x, see (2). If we take e 1 , e 2 as two vectors perpendicular to the slowness vector p at the initial point of the ray , then (50) guarantees that e 1 and e 2 are perpendicular to p along the whole ray. The basis vectors e 1 , e 2 need not be mutually perpendicular unit vectors. If we, however, take them mutually perpendicular and unit at the initial point of the ray, then (50) also guarantees that e 1 and e 2 have the same property along the whole ray. In such case, it is sufficient to solve (50) only for one vector of e 1 and e 2 , and to compute the latter using the orthogonality condition of e 1 , e 2 , p. Let us now briefly compare the DRT systems (4) in Cartesian coordinates and (35) in ray-centred coordinates for anisotropic inhomogeneous medium. The DRT system (35) in ray-centred coordinates consists of four equations only, but the DRT system (4) in Cartesian coordinates of six equations. From the numerical point of view, this is a great advantage of DRT system (35). In other aspects, the DRT system (4) in Cartesian coordinates is simpler than that of (35). Actually, DRT system (4) uses only the 3 × 3 matrices A (x) , B (x) , C (x) and D (x) , see (5). These matrices are needed even in DRT system (35), but system (35) also requires certain additional computations at each point of the ray. We shall list them briefly here:
(1) In the solution of DRT system (35), it is necessary to know basis vectors e 1 , e 2 . These basis vectors should be calculated by numerical integration along the ray , e.g. (50). The DRT system in Cartesian coordinates (4) does not require the computation of any basis vector.
(2) If we determine e 1 and e 2 by numerical integration along the ray, e.g. using (50), we have to compute f 1 and f 2 using (31).
(3) Further, we have to compute the 2 × 2 matrix d. Using (37) and (50), we obtain for the components d NM of d:
(4) Only then can we perform the matrix multiplications in (36) and get A (q) , B (q) , C (q) and D (q) .
Consequently, the conventional DRT system (4) in Cartesian coordinates is conceptually simpler and more straightforward than the DRT system (35) in ray-centred coordinates.
In practical applications, however, the 4 × 4 DRT propagator matrix Π (q) (τ, τ 0 ) in ray-centred coordinates (46) is often more useful and physically more attractive than the 6 × 6 DRT propagator matrix Π (x) (τ , τ 0 ) in Cartesian coordinates. The reason is that the general system of rays in smooth inhomogeneous media is four-parameteric, so that the number of equations corresponds strictly to the number of free parameters. In the 6 × 6 DRT propagator matrix Π (x) (τ , τ 0 ) in Cartesian coordinates, two columns are redundant (ray-tangent and non-eikonal solutions) and must be removed.
In the following sections, we propose methods of avoiding the DRT in ray-centred coordinates (35) in the computation of the 4 × 4 ray propagator Π (q) (τ, τ 0 ) in ray-centred coordinates. We determine Π (q) (τ, τ 0 ) directly from Π (x) (τ , τ 0 ), without performing DRT (35) in ray-centred coordinates, and without the four computational steps (1)- (4) given above. We also show that it would be sufficient to compute only four columns of Π (x) (τ , τ 0 ) if we wished to determine Π (q) (τ, τ 0 ) from Π (x) (τ , τ 0 ).
RELATI O N B E T W E E N R AY P RO PA G AT O R M AT R I C E S Π
A general relation between the 6 × 6 ray propagator matrices, computed along the same reference ray from τ 0 to τ , related to two arbitrary coordinate systems, is given inČervený (2001), see eq. (4.3.38). In the equation, it is assumed that parameter τ along the ray is the same in both coordinate systems, and represents the traveltime along the ray.
First we present the relations between the 3 × 1 matrices Q (x) , P (x) and Q (q) , P (q) . A suitable form of these relations is given iň Cervený (2001, eq. 4.3.35) . It reads:
Here H is the 3 × 3 transformation matrix given by (27), and F is a 3 × 3 symmetric matrix given by the relation
If we take into account (26), we obtain
Relations (52) can be expressed in a more compact matrix form
where Ψ 1 and Ψ 2 are 6 × 6 matrices, given by the relations
and 0 is a 3 × 3 null matrix. Obviously, Ψ 1 Ψ 2 = I. Both matrices Ψ 1 and Ψ 2 are symplectic. To express Ψ 1 and Ψ 2 in a more suitable form, we introduce a 3 × 3 matrix V,
The columns of matrix V are given by expressions
The 6 × 6 matrices Ψ 1 and Ψ 2 then read
where V ≡ (V 1 , V 2 , V 3 ). Now we derive the transformation between the 6 × 6 ray propagator matrices Π (x) (τ , τ 0 ) and Π (q) (τ , τ 0 ). Multiplying (9) from the left by Ψ 1 (τ ), and using the second equation of (55) for τ 0 , we obtain
This implies that the 6 × 6 ray propagator matrix Π (q) (τ , τ 0 ) in ray-centred coordinates can be expressed in terms of the 6 × 6 ray propagator matrix Π (x) (τ , τ 0 ) in Cartesian coordinates as follows:
This is the final transformation relation between the 6 × 6 ray propagator matrices Π (q) (τ , τ 0 ) and Π (x) (τ , τ 0 ). It also follows from the general expression given inČervený (2001, eq. 4.3.38) .
Eq. (61) can be simply modified to yield a 4 × 4 ray propagator matrix Π (q) (τ, τ 0 ) in ray-centred coordinates q 1 , q 2 , corresponding to DRT system (35). We simply remove the third and sixth columns in Ψ 2 and third and sixth rows in Ψ 1 . We obtain
The 'reduced' matrices Ψ r 1 and Ψ r 2 are 4 × 6 and 6 × 4, respectively, and are given by relations
e 1 e 2 0 0
Here 0 The relations (61) and (62) are valid for arbitrarily chosen contravariant basis vector e 1 (τ 0 ) and e 2 (τ 0 ), situated in the wave front tangent plane at τ 0 , and covariant basis vector f 1 (τ 0 ), f 2 (τ 0 ), situated in the plane perpendicular to the reference ray , satisfying the relation (30). Note that e 3 (τ 0 ) = U (τ 0 ) and f 3 (τ 0 ) = p(τ 0 ). Similarly, the choice of e 1 (τ ), e 2 (τ ), f 1 (τ ), and f 2 (τ ) is also arbitrary, they only must satisfy (30), with e 3 (τ ) = U (τ ) and f 3 (τ ) = p(τ ). Thus, the numerical integration of (50) is not required in this case, and relations (48) with (62) can be safely used to compute δq(τ ) and δ p (q) (τ ) from δq(τ 0 ) and δ p (q) (τ 0 ), for e 1 (τ 0 ), e 2 (τ 0 ) and e 1 (τ ), e 2 (τ ) arbitrarily and independently specified.
Eq. (62), however, gives the 4 × 4 propagator matrix in raycentred coordinates only if Π (q) (τ 0 , τ 0 ) = I, where I is a 4 × 4 identity matrix. This is guaranteed only if Ψ r 1 (τ ) →Ψ r 1 (τ 0 ) for τ → τ 0 , see (61). In such case, a solution of (50) (or some other analogous equation) is needed.
ALTERNAT I V E C O M P U TAT
We now use an alternative approach to determine Π (q) (τ , τ 0 ), proposed by Klimeš (1994) . The advantage of this approach is that it does not require six DRTs in Cartesian coordinates, but only four, for some selected initial conditions. The remaining two solutions of the DRT system in Cartesian coordinates are known explicitly (ray-tangent solutions, non-eikonal solutions).
We can proceed in the following way. We express (61) as follows:
The 6 × 6 matrix Z(τ , τ 0 ) is not a propagator matrix, as Z(τ 0 , τ 0 ) = Ψ 2 (τ 0 ) is different from identity matrix I. The six columns of Z(τ , τ 0 ) are the solutions of the DRT system (4) in Cartesian coordinates, with initial conditions given by Ψ 2 (τ 0 ). Two of the solutions of the DRT system in Cartesian coordinates, however, are known analytically. This is the ray-tangent solution, see (13), and the non-eikonal solution (14). Conventionally, we store the ray-tangent solution (13) in the third column of Z(τ , τ 0 ), and the non-eikonal solution (14) in its sixth column. The remaining columns represent standard paraxial solutions of the DRT in Cartesian coordinates, with the initial condition given in the relevant column of Ψ 2 (τ 0 ). The standard paraxial solutions in Z(τ , τ 0 ) must satisfy the constraint eq. (6). Moreover, Q (x) must satisfy the relation
expressing the fact that vector Q (x) is tangent to the wave front at the reference ray. Now we shall compute Π (q) (τ , τ 0 ) using eq. (64). First we compute the product of Ψ 1 , given by (59), with the third and sixth columns of Z(τ , τ 0 ), representing the ray-tangent and non-eikonal solutions (13) and (14). For the ray-tangent solutions, (59) and (13) yield
Here we have taken into account that f
Similarly, for the non-eikonal solution, (59) and (14) yield
Here τ stands for τ − τ 0 . Thus, the third and sixth columns of Π (q) (τ , τ 0 ) are given by simple expressions (67) and (68).
We shall now consider the standard paraxial solutions (the first, second, fourth and fifth columns) of Z(τ , τ 0 ). We denote any of them
3 ) T and P (x) ≡ (P
1 , P
2 , P
3 ) T . The product of matrix Ψ 1 with any of the solutions (69) reads
The crosses × denote possibly non-zero entries. The zero in the third row follows immediately from (66), and the zero in the sixth row from the relation (e (x) and from the constraint relation (6).
Thus, the 6 × 6 ray propagator matrix Π (q) (τ , τ 0 ) in ray-centred coordinates takes a specific form: It has zero values in the third and sixth columns and rows, with the exception of positions 33 and 66, where it is 1, and of position 36, where it equals τ − τ 0 . Consequently, it can be expressed in the form of (43). This provides an independent derivation of the specific form of (43).
From the 6 × 6 ray propagator matrix Π (q) (τ , τ 0 ) given by (64), we can again obtain the 4 × 4 ray propagator matrix Π (q) (τ, τ 0 ) as follows:
Here Ψ r 1 corresponds to Ψ 1 given by (59), in which the third and sixth rows have been removed, see (63) . Similarly, Z r (τ , τ 0 ) (Z reduced) contains four solutions of the DRT system in Cartesian coordinates (4) along the reference ray, from the initial point τ 0 to τ . These four solutions are specified by the initial conditions given by the 6 × 4 matrix Ψ 
The first two columns in Ψ r 2 (τ 0 ) correspond to the plane wave front initial conditions
and the third and fourth column correspond to the point source initial condition
Exactly the same initial conditions as (73) and (74) were also derived inČervený (2001, eqs 4.2.50-4.2.52), in relation to wave front orthonormal coordinates. To compare (74) for a point source with (4.2.51) ofČervený (2001), we can take into account that f I , given by (31), can also be expressed in the form:
The 6 × 6 interface propagator matrix (89) in ray-centred coordinates is symplectic, and its determinant equals unity. The continuation property across interface then reads:
where Π (q) (τ , τ ) is a 6 × 6 matrix given by (89),
2 ) T . The sixth line of (89) indicates that the interface propagator matrix preserves the constraint relation P (q) 3 = 0 even across the interface, see (41) . Similarly, the third line of (89) shows that Q (q) 3 remains constant across the interface. Further,
3 . Consequently, we can introduce the 4 × 4 interface propagator matrix in ray-centred coordinates Π (q) (τ , τ ):
The continuation property for Q (q) and P (q) then reads:
Eqs (91) and (92) represent the final results of this section. It would be possible to derive them directly from (76). We, however, wished to explain the physical arguments leading to the simplification of the 6 × 6 to 4 × 4 matrices. For this reason, we started the derivation from eq. (75).
The 4 × 4 interface propagator matrix Π (q) (τ , τ ) in ray-centred coordinates, given by (91), is symplectic, and the determinant of (91) equals unity. Basis vectors g 1 and g 2 are tangent to surface , but need not to be unit or mutually perpendicular. Similarly, n is perpendicular to , but need not be unit.
The 4 × 4 interface propagator matrix (91) in ray-centred coordinates is expressed in a form similar to the 4 × 4 interface propagator matrix in wave front orthonormal coordinates, derived inČervený (2001, eq. 4.14.66) . The wave front orthonormal coordinate system is a local Cartesian coordinate system, connected with the moving wave front. In the wave front orthonormal coordinate system y 1 , y 2 , y 3 , coordinates y 1 , y 2 are Cartesian coordinates in the plane tangent to the wave front, with the origin on the reference ray , analogous to ray-centred coordinates q 1 , q 2 . Coordinate y 3 , however, is different from q 3 . At any point of the ray, y 3 is chosen along slowness vector p (perpendicular to the wave front), not along the ray. Thus, the ray is not a coordinate axis of the wave front orthonormal coordinate system, and the 6 × 6 ray propagator matrix in the wave front orthonormal coordinate system cannot be constructed. However, we can expect that the 4 × 4 ray propagator matrices in both coordinate systems are the same, as the ray-centred coordinates q 1 , q 2 and the wave front orthonormal coordinates y 1 , y 2 coincide at any point of the reference ray . Analogously, we can expect that the 4 × 4 interface propagator matrices in both coordinate systems are the same. InČervený (2001), the 4 × 4 interface propagator matrix in wave front orthonormal coordinates was derived directly, based on the phase matching argument, without invoking the 6 × 6 interface propagator matrix at all. In the derivation, it was assumed that basis vectors g 1 and g 2 and n are mutually perpendicular and unit. A 2 × 2 anisotropy matrix A an was artificially introduced there to transform certain 'isotropic' quantities to anisotropic ones. In spite of these differences, it is possible to show that for mutually perpendicular unit vectors g 1 and g 2 both 4 × 4 interface propagator matrices are fully equivalent, although derived in a quite different way and corresponding to two different coordinate systems. The eq. (91) for the 4 × 4 interface propagator matrix in ray-centred coordinate system, derived here, is however more general, as it allows to construct simply the relevant 6 × 6 interface propagator matrix (89) from it, and as it uses more general coordinate systems at surfaces. It is also more transparent, as it is expressed in terms of scalar products of basis vectors, and removes fully the artificial anisotropy matrix A an . Finally, it is simpler as it uses simpler expressions for the 2 × 2 matrices E andẼ.
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The 4 × 4 interface propagator matrix Π (q) (τ , τ ) in ray-centred coordinates, given by (91), can be simply factorized at interface . We introduce the 4 × 4 matrix Y, related to the point of incidence of the reference ray on , and the 4 × 4 matrixỸ −1 , related to the corresponding reflection/transmission point:
The individual 2 × 2 matrices in (93) have the same meaning as in (91), see (84), (85) and (86). It is easy to verify that both Y andỸ are symplectic. Taking into account that g I =g I and g I J =g I J in both matrices Y andỸ −1 , we obtain
